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We derive the Maxwell's equations on the re-deformed spacetime, valid up to first order in the 
deformation parameter, using the Feynman's approach. We show that the electric-magnetic duality 
is a symmetry of these equations. It is also shown that the laws of electrodynamics are different for 
gj— ^ ' particles of equal charges, but with different masses. We show that the Poincare angular momentum, 

I , required to maintain the usual Lorentz algebra structure, do not get any re-dependent corrections. 
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INTRODUCTION 



Noncommutative spacetime was originally introduced to cure the IR divergences that plague quantum theories 
Though this approach was not pursued further due to the spectacular success of renormalisation programme, Connes's 
work has rekindled the interest in noncommutative (NC) spacetime and physics on such manifolds [2j . It was shown 
'T* 1 that noncommutative gauge theory defined on Moyal spacetime naturally emerges as a limit of certain string theory 
Oh' model. A mapping between the NC gauge theory and a gauge theory defined on the commutative spacetime was also 
obtained [3| and this led to intense activities in construction and study of various physical models on NC spacetime. 
The field theory models on NC spacetime have highly non-local and non-linear interactions which are not present 
in the corresponding commutative theories. UV/IR mixing, which is a characteristic feature of field theories on NC 
spacetime raises serious questions about the renormalisability of such theories and many authors have investigated 
these aspects Noncommutative spacetime also provides a way to model the spacetime uncertainties which arises 
£^ ■ due to the quantum gravity effects [5]. 

The widely studied and by now well understood example of noncummutative spacetime is the Moyal spacetime, 
whose coordinates obey [X fl ,X u ] — id^ , where 6^ is a constant. One of the most striking features of the NC 
spacetime brought out in recent times is the fact that the symmetries of these models are realised in terms of Hopf 
algebra [f|. NC spacetime with coordinates satisfying a Lie algebra type commutation relation is another class of 
spacetimes that is being investigated vigorously. An example for a spacetime of this class is the fuzzy sphere 
\ which is being studied with various motivations [8(- Another prototype of this class is the re-deformed spacetime whose 
coordinates obey [x l , &] — 0, [x°, x l ] — ax 1 '[a = -)@|- K-spacetime and its symmetry algebra naturally appears in the 
context of doubly special relativity (DSR) [id ] (a modified relativity principle having one more dimensionfull parameter 
other than the velocity of light). re-Poincare algebra and DSR are also known to be related to certain quantum gravity 
mo dels [ldj. This led to investigations on re-spacetime and physics on re-spacetime in recent times (Til - [l3 |. bringing out 
many interesting aspects of re-spacetime and physics models on re-spacetime. 

Recently Klein-Gordon equation have been derived on re-spacetime and various aspects of this model have been 
analysed M, [Til [l2| . It is known that there are many different proposals for Klein-Gordon equation in re-spacetime 
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[12||, all satisfying the criterion of invariance under re-Poincare algebra. There are some works where £7(1) 
gauge theory on re-spacetime had been constructed [3]. The £7(1) theory in re-spacetime is constructed in terms of 
commutative fields using *— product and Seiberg-Witten map, up to first order in the deformation parameter. 

Here we take a different approach-Feyman's approach, to derive the Maxwell's equations on re-spacetime. In 
this framework, starting with Newtons second law of motion and commutation relations between coordinates and 
velocities, Feynman obtained homogeneous Maxwell's equations [15j . Various aspects of this approach have been 
investigated, including the generalisations to obtain non-abelian gauge theories, in depth [Tfjj . Tanimura had obtained 
relativistic covariant generalisation of this approach (l7j. It was also shown that the only possible interactions a 
quantum mechanical particle can have are those with scalar, gauge and gravitational fields 17]. In recent times, 
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the Feynman's approach has been generalised to obtain inhomogeneous Maxwell's equations, in addition to the 
homogeneous ones.fl8j. The inherent non locality results in novel interactions in non-commutative theories (which 
are not shared by their commutative counterparts). In 19], it was shown that the so(3) symmetry is broken in 
the Feynman approach because of the non vanishing commutators between the velocities and coordinates. But this 
symmetry can be restored by augmenting the generators by magnetic angular momentum. Thus it is of interest to 
apply Feynman's approach to non-commutative spacetime and derive the corresponding Maxwell's equations as well 
as to see the allowed interactions. The Feynman's approach we adopt here has been used to obtain Maxwell's equation 
in Moyal spacetime also for more general cases [2(| ■ 

In this paper, we derive both homogeneous and inhomogeneous Maxwell's equations in K-spacetime, using the 
covariant approach of [l7j , adapted to noncommutative spacetime. We obtain the k dependent correction to Maxwell's 
equations up to first order in the deformation parameter as well as the modified force equation. From the structure 
of the force equation, we argue that the interactions of the particle with scalar and gauge fields do get k dependent 
modifications. Using explicit form of the K-deformed Maxwell's equation, we then show that the re-Maxwell's equations 
are invariant under the electric-magnetic duality transformation, as in the commutative spacetime. We also obtain 
the generators of the undeformed Lorentz algebra and show that this naturally leads to the introduction of magnetic 
monopole. 

This paper is organised as follows. After a brief summary of the Feynman's approach in the covariant form in 
section 2, we present the derivation of Maxwell's equation in K-spacetime, valid up to first order in the deformation 
parameter, in section 3. We also derive and analyse the force equation here. In section 4, we discuss the electric- 
magnetic duality of K-deformed Maxwell's equation (up to first order in the deformation parameter). We then discuss 
the restoration of the Lorentz algebra in section 5. Our concluding remarks are given in section 6. 



II. FEYNMAN'S APPROACH TO MAXWELL'S EQUATIONS 

In this section, we present a short summary of essential details of the covariant generalisation of Feynman's 
approach[l7j. This approach makes certain basic assumption [llj in deriving Maxwell's equations. One is that 
the coordinates of the relativistic particle in 4-dimensions is described by £ m (t), where r is just a parameter and not 
the proper time. The coordinates have vanishing commutation relations between them, i.e., 

[^,^=0. (1) 

Another important assumption is the Feynman bracket between the coordinates and the velocities, i.e., 

[ x " ) V] = % *rr (2) 
m 

where x^ = . The above equation correctly reproduces the familiar commutation relation between the coordinates 
and momenta. But we note that in original approach of Feynman's |15| , existence of momentum was not assumed. 
Thirdly, it is assumed that the Newton's equation holds good, i.e., 

mx» = F»(x,x), (3) 

where can depend on velocity also. Last assumption is that the brackets involving coordinates and velocities 
satisfy 

(i) [A,B] = -[B,A] (anti - symmetry), (4) 



(m) [A, [B, C]} + [B, [C, A}} + [C, [A, B]] = (Jacobi Identity), (5) 

and the Leibniz rules, 

(Hi) [A.BC] = [A,B]C + B[A,C], 

w i [AB] = [ i B]+[A >t ] - (6) 

It is known that last property listed above is not automatically satisfied by Poisson brackets, unless canonical equations 
of motion are assumed [20]. This is the reason for using commutators rather than Poisson brackets in this approach. 
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Combining Eqns. (lll2|) with Leibniz rules in Eqn.© leads to useful identities 

[^,/(O]=0, [ a pj( x »,x*)] = %?%>P- (7) 
[±»,f(x»,i*)] = -%-j&. (8) 

A second rank anti-symmetric tensor is naturally introduced by considering the differentiation of Eqn. ([2]), Thus we 
find, 

[x",x u ] = -[x fl ,x u } = ^F^. (9) 
ni 

This F^ v would be identified with the Maxwell field strength and q with the electric charge of the particle. 

Now repeated use of the Jacobi identities involving coordinates, velocities as well as those involving both along with 
judicious use of Eqn.© leads to the homogeneous Maxwell's equations 

d n F v\ + qv p\n + Q\pvn = (10) 

where = d> i A v {x) - d v A»{x). 

It is also shown that the force F fJ, (x,x) appearing in Eqn. ([3]) above can be expressed in terms of F^ u and a vector 
quantity as 

F f *{x,x) = G>* + qF liv x v (11) 

where G M is the gradient of a scalar field, i.e., = and q is the electric charge of the particle. 

Thus, in this approach, one gets the homogeneous Maxwell's equations and Lorentz force equation, starting with 
the assumption of the Feynman bracket between coordinates and velocities. 

This construction was generalised to curved spacetime by modifying Eqn.© by replacing if 11 ' with g^ v ' . In this 
case, it was shown that the force F M in Eqn. flTTl) gets an additional contribution which depends on the derivative of 
metric tensor g^pj}- Thus, in this approach, two of the Maxwell's equations were obtained in a manifestly covariant 
form. This also showed that the particles get coupled naturally to a scalar, gauge, and gravitational fields. Later, in 
fl8j , it was shown that the inhomogeneous Maxwell's equations can also be derived from Eqn. (ITU)) itself by contracting 
any two of the three indices. Thus contracting /i with v in Eqn. (|10l) sets 

dpF"" = f (f 2) 

where f is the conserved current, a fact which can be seen by using the Jacobi identity given in Eqn. ([5]) and Eqn. ©. 



III. k-DEFORMED MAXWELL'S EQUATIONS 

In this section, we apply the covariant generalisation of Feynman's approach of above section to K-deformed space- 
time whose coordinates obey 

[x»,x v ]=i(?\x x (13) 

where 

c^ x x x = (o'Va - oVa^V = a = n-\a l = 0. (14) 

From now onwards, we do not write "hat" explicitly over the coordinates of the K-spacetime since there is no scope 
of confusion as all the coordinates we use are that of noncommutative spacetime. It can be easily seen that the 
conditions imposed on c M! ^ by the Jacobi identity involving only coordinates are trivially satisfied. 

Differentiating the Eqn. p3|) with respect to r, we get [x^jX"] + [x^,x u ] — ic^\x x .Yor c^ v x = 0, the above equation 
is symmetric in \i and v. For the present case we get, 

[x* t x^ = -—<r+icr x x x , (15) 

™>eff 

where m e ft = m(l+amc)( see discussion below). Note that the functional form of g^ v is not fixed by the differentiation 
of Eqn.( |13[) . but fixes only the anti-symmetric part. In the above, can, in general, be a function of both coordinates 
as well as velocities. Now, we impose the requirement that the above equation reproduces the well known result in 
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the commutative limit. This imply that as a — >• 0, g^ rf v . The Jacobi identity involving a velocity and two 
coordinates show that the g^ v can be just rf ,v itself. Though in the original approach, momentum was not assumed 
to exist, here, we take the known commutation relation between coordinate and momenta [2lj | as a guiding tool to fix 
the dependence of g^ v on x and x. We also note that the non-relativistic limit of the energy- momentum relation in 
the K-spacetime shows that the momentum, up to first order in a, is pi — m e ffXi, where m e ff = m(l + amc)|22j]. This 
suggest that up to first order in a, g^ v is just equal to jf 11 in the above equation. This also shows that the higher order 
(in a) corrections to g^ v depend only on velocities and not on coordinates themselves. With these considerations, we 
take the Feynman brackets, valid up to first order in the deformation parameter a to be 



ih 

m eff 



[x»,x u ] = if + ic^\x\ (16) 



Differentiating the above equation with respect to r gives 

[x^,x u ] = -[x^,x v ] + icf i \x x . (17) 

The right side of the above equation is anti-symmetric in indices and the above equation allow us to define a rank 
two, anti-symmetric tensor as in the commutative case. Thus we define 

[±/*, x u ] = ^$-F^ + icf\x x . (18) 

m eff 

Using Eqn. (TT8")) in Eqn. fTT)) and integrating leads to 

F(x, ±Y = G{xY + qF%x v (19) 

where we have assumed the Newtons second law, valid up to first order in a to be F^ — rrieffx^. In the above, 
F^ u can be function of coordinates and velocities. Using the Jacobi identity [x^, [x v ,x x ]]+ cyclic terms, shows that 
[x^,F vX ] ^ 0. In the limit a — > 0, one gets [x^ 1 F vX ] = 0, implying F^ v is a function of coordinates alone, in the 
commutative spacetime. Thus, in the present case, a dependent terms in F^ v can be functions of x as well as x. We 
take F^ v as function of x alone, as a first approximation, in deriving Eqns. (|2ip and (|2"5|) . Had we taken F^ v to be 

function of x also, we would have got additional terms of the form {ih/m 2 e j^) d ^ + z/tc M "x p 8 ^ g . Here the second 
term is quadratic in a and hence we neglect it. The first term has an additional K/m e ff compared to remaining terms 
of Eqns. ([2~Tj) and (|2U)) and thus negligible. This justify taking F^ u as a function of x alone. 
To derive the Maxwell's equations, we use the Jacobi identity involving velocities alone, i.e., 

[x", [x v ,x x ]] + [x l/ , [±\ x"}] + [±\ [x", x v ]] = 0. (20) 

Using Eqn. (|18[ ) in the above equation gives the K-deformed, homogeneous Maxwell's equations (up to first order in 
deformation parameter) as 

.(d^F vX + d l, F x ' J - + d x F fil ') = [c" a p x p d a F vX + c" a p x p d a F x ^ + c Xa p x p d a F' J - v ] 



l eff 

9 

[c vX p [x»,xP}+c x »[x%x p )+c» v p [x x ,xP)} . (21) 



Contracting fi with v by multiplying above equation with r\^ v gives 

3 ■ 3 

df 1 F fJlX - "Ml^daF^ + ^LL c vXp [x v ,x p ] + d,F x » - T ML c »<* p xPd a F x ll + % ^-^p[ Xv ,x p \ = 0. (22) 

Using anti-symmetry of indices, we see that the left hand side of the above equation vanishes identically. We use the 
above equation to define the current (l8| . thereby obtaining the inhomogeneous equations, i.e., 

[d ^u _ a^i c ^ ±PdaF ^ *] = _ uMi^pg^u^ ± _ f (23) 

In obtaining the above equation from Eqn. (l22l) . we have used the anti-symmetry in the first two indices in c^ v x to cancel 
terms involving [x, x]. This complete the derivation of both homogeneous and inhomogeneous Maxwell's equation on 
K-spacetime, in presence of source and a moving particle of charge q and mass m. Note these equations are valid up 
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to first order in the deformation parameter. Also note that in the limit a — > 0, we recover the known equations in the 
commutative space. 

We now turn our attention to Newtons equation of motion. Using Eqn. (fT9|) and the fact that = m e ffX^, we 
find 

[x", G"] - [x u , G 1 - 1 } = (d»F uX + cyclic in a, v, X)x\ + ihq \c^ a n x p d a F uX x x -u+tu) 

<"■}■: P 

- ihq [F" x c\ a x a -p+*v] (24) 
Since the G^{x) in Eqn. (fl"9l is a function of x alone, we find 



ih {„, „„ 1 

•" A" 



[i", G u ] = — ( d^G" + ^-cf i \x x d a G u ) . (25) 

m e ff \ H 



Using above equation in Eqn. tjM]) . we find, 

dfj,G v - d v Gfj, = 0(a) (26) 

showing that, once the first order correction in the deformation parameter is included, G^ = d^Q + 0(a) where <I> is a 
scalar. This shows that the interaction of quantum mechanical particle in K-spacetime with the scalar field is modified. 
We also note that the Eqn. (|2"Tj) show that F^ — d^A v ~ d u A^ + O(a), showing that the gauge field interaction is also 
modified in the K-spacetime. 

IV. ELECTRIC-MAGNETIC DUALITY 

In this section, we analyze the K-deformed Maxwell's equations obtained in Eqns. (|21l23[) . Using explicit form of 
given in Eqn. (|14[ ). in Eqns. (|21I23I) . we get the Maxwell's equations, valid up to first order in the deformation 
parameter as 

V-B + ^v-d B = 0, (27) 

h 



„ -> ma 
d B + V x E + — 
n 



v l diB + vx d E 



= (28) 



V • E + ^v-d E = p e (29) 
n 



„ ^ _i ^ ma 
d E - V x B + — 
n 



v l d l E — v x d B 



-je (30) 



Here, we have used x % j drr = v*. We note that in the limit a — > 0, above equation reproduce the well known Maxwell's 
equations in the commutative spacetime. It is interesting to see that the mass of the charged particle also appears 
naturally in the K-dependent of the modified Maxwell's equation. This suggest that the laws of electrodynamics for 
particles with same charge, but with different masses will be different. This result is a complete departure from the 
commutative spacetime 1 . Also, it is interesting to note that for the static electric and magnetic fields, the Gauss 
law equations ([2~T1 and l2Uf do not get any a dependent modifications while Eqns. (|2"5I 150")) are still modified due to 
K-deformation. 

In the commutative space, Maxwell's equation, in the absence of source is invariant under the combined transfor- 
mations E — >• £?, B — >• — E. This is a symmetry even when sources are present, provided that the magnetic monopole 
exist and along with above transformation, we also have p e ,je —> Pmagijmag] Pmag,jmag — > ~Pe, —je- It is easily seen 
from the above Eqns. (|27I28[ |2U| and (f5U|) that the a(= k _1 ) dependent terms maintain this symmetry. 

V. LORENTZ SYMMETRY 

It is well known [l9| that the non- vanishing brackets between velocities given in Eqn.©, modifies the Lorentz 
algebra 

[£"", L Xa ] = ih (r]^L Xu - rj^L™ + v uX L^ - rp'lS*) + ihq (x f *x x F ua - x v x x F^ - x^x G F vX + x v x (T F" x ) , (31) 



1 We note that, by re-expressing the above, modified Maxwell's equations in terms of LT 1 u 1 = v 1 , the new terms of the deformed 
Maxwell's equations can be parameterized by a dimensionless quantity a = (ma/KjLT -1 . 
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[x",L uX } = ih{x v ^ x -x x r]^) , (32) 

L" A ] = -i^ (^ l/ i A - t^V) + — (a^F"* - x A F^) (33) 

m 

in the commutative spacetime itself. In this section we study the consequences of K-deformation on the above algebra. 
As we have seen in the previous sections, the K-deformation drastically alter the Maxwell's equations as well as the 
force equation. Thus, it is of interest to see how K-deformation affect the above algebraic structure. 

It is clear that the K-dependent modifications to the commutators in Eqns. (|13ll6ll8[) do modify the above algebra 
in the K-spacetime, and can be calculated in by a straightforward, but lengthy calculation. 

Now, we modify the generators of the algebra to be 

= L ^ + M ^ (34) 

such that D 11 ' will satisfy same commutation relations as in the commutative spaceti me Rive n in Eqns. (|31l32|33j) fsuch 
modifications of symmetry algebra have been studied with different motivations in fllL 1 12L l23l] ^) - With this requirement, 
we find 

[x», M uX ] = -im e f f [c^ a x a x x - c" A x a x u ] + ihm eff [c" A x v x a - c? v a x x x a ] 

= ih{m- 1 - m~f f ) (a? if* - x^rf) (35) 

fi" ,M vX ] = -%—q \x v F" x - x x F^} - ihm eff x a \c^ n x x - cf x x u ) 
m e ff L J 1 

+ ihm eff [c^x* - c^ a x x ] x a (36) 

Above two equations along with the condition that should have same commutation relations as in Eqn. (|3"TT) gives 

Mjk = q [x % XjFik - XiX l F 3 k + x l XkFji\ (37) 

where we have taken, up to first order in deformation parameter, [Mji, Mn~] = 0, which is true since [ccj, ccj] = in 
the K-spacetime. Thus we find 

Mi = e ljk NP k = -q(x ■ B)x t (38) 

where \tijkF^ k = E>i. Consistency of [x l ,M^\ calculated using the explicit form of A-P given above with the same 
derived from Eqn. (|3f)|) leads to the condition on the magnetic field as 

x B m ~t~ x 7n B — x^ diBjX m . (^9) 

This is satisfied by B = g 4 * $ . Using this in Eqn. (|38| ). gives the Poincare magnetic angular momentum! 19j M = 
—qg ^ r 2 ■ Here we note that magnetic angular momentum do not get any modification due to K-deformation. This is 
expected since the space coordinates have vanishing commutators among themselves in K-spacetime. From the fact 
that a = a , it is easy to see from Eqns. (l35l [36l) that the boost sector will get modification due to the K-deformation, 
but these modifications may not have interesting interpretation unlike that of angular momentum sector, since even 
in the commutative spacetime, the boost sector of M^ v in Eqn. (|34l) . do not have any interesting interpretation[l9l| . 



VI. CONCLUSIONS 



We have derived the Maxwell's equations on K-Minkowski spacetime, using the Feynman's approach. We have also 
obtained the force equation for particle moving in this spacetime. These results are valid up to first order in the 
deformation parameter. We have also analysed the magnetic momentum generator needed to maintain the Lorentz 
algebra relations in the K-spacetime. 

The K-deformed Maxwell's equations shows that the electric-magnetic duality symmetry is present in the k- 
spacetime also(up to first order in deformation parameter). But for the specific case where the electric and magnetic 
fields are time independent, this symmetry is broken in k spacetime, unlike in the commutative spacetime. In the 
Moyal spacetime, electric-magnetic duality had been studied and the dual of U(l) gauge theory was constructed [24j |. 
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The K-deformed Maxwell's equations, further show, the laws of electrodynamics will be different for particles with 
same electrical charges but having different masses. This effect of K-deformation on electrodynamics is distinctly 
different from the modifications due to Moyal spacetime. Certainly this feature is drastically different from the 
commutative spacetime and hence can lead to stringent limits [25jj on the deformation parameter (studies along these 
lines are in progress). Modified force equation (Eqn. (fl"9]) ) shows that the particle's interactions with scalar and gauge 
fields get modified due to the K-deformation. 

Acknowledgment: EH thank A. Khare and M. Sivakumar for useful comments. EH also thank the anonymous 
referee for useful comments and suggestions. 
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